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Charge and cocharge vectors

Let o € S, and let iy = pos, (k). Set
ch(o); = 0=ch(o);.
For k=2,3,...,n:
o If iy > ix_1 (value k is to the right of value k — 1):

Ch(O’),‘k = CI‘I(O’),‘IH1 4+1 and CT(O’),‘,( = E(O’),‘kil.

o If iy < ix—1 (value k is to the left of value k — 1):

ch(o);, = ch(o)

k

and ch(o);, =ch(o);_, + 1.

ik—1
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c |3 715826 4
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o \ 3 7 15 8 2 6 4
chc) |1 3 0 2 4 1 3 2
ch(c) |1 3 0 2 3 0 2 1

ch(c) = (1,3,0,2,4,1,3,2),  ch(o) =(1,3,0,2,3,0,2,1).

ch+ch+l=0 ~ ch(o)+ch(o)= (g)



Example 0 =37158264

o \ 3 7 15 8 2 6 4
chc) |1 3 0 2 4 1 3 2
ch(c) |1 3 0 2 3 0 2 1

ch(c) = (1,3,0,2,4,1,3,2),  ch(o) =(1,3,0,2,3,0,2,1).

ch+ch+l=0 ~ ch(o)+ch(o)= (&)

In particular,

ch(id,) = (0,1,2,...,n—1) and ch(id,) = (0,0,0,...,0).



Main properties

The map o +— ch(o) is a bijection between S, and the set of
vectors v = (vq, Vo, ..., V,) € Nj satisfying:

1. The entries of v form a contiguous interval {0,1,..., M}
for some 0 < M < n.

2. For each 1 < k < M, the leftmost k — 1 precedes the
rightmost k.

e Interaction with symmetries:

ch(c) = ch(s")",  ch(c)+ch(c€) = M -1,

where M = max(ch(c)) = max(ch(c°)).



Other properties (related to pattern avoidance)

e max(ch(m @& 7)) = max(ch(7)) + max(ch(7)) + 1.
e max(ch(m & 7)) = max(ch(m)) + max(ch(7)).

e If o avoids any pattern in {132,213,231,312}, then
max(ch(o)) = asc(o).

e If o avoids any pattern in {123,321}, then
max(ch(c)) = asc(c71).
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ch(2413) = (0,1,0,1) and ch(3142) = (1,0,2,1).



Other properties (related to pattern avoidance)

e max(ch(m @& 7)) = max(ch(7)) + max(ch(7)) + 1.

e max(ch(m & 7)) = max(ch(m)) + max(ch(7)).

e If o avoids any pattern in {132,213,231,312}, then
max(ch(o)) = asc(o).

e If o avoids any pattern in {123,321}, then
max(ch(c)) = asc(c71).

e For separable o: max(ch(c)) = asc(o).

ch(2413) = (0,1,0,1) and ch(3142) = (1,0,2,1).

e 0 € S, has a nondecreasing charge vector if and only if o is
layered (avoids 231 and 312).



The charge-cocharge relation

For o,7 € S,,, we write 0 — 7 if the entries of the vector
w = ch(c) + ch(7)

are all distinct and max(w) — min(w) = n — 1.

w is a shifted permutation of {0,1,...,n— 1}



The charge-cocharge relation

For o,7 € S,,, we write 0 — 7 if the entries of the vector
w = ch(c) + ch(7)

are all distinct and max(w) — min(w) = n — 1.

w is a shifted permutation of {0,1,...,n— 1}

e 00— 0.

e If m = min(w), then nm = ch(7) — ch(o).

o — 1 = ch(r) =ch(c) (mod n).



Symmetries and cyclage invariance

The relation is compatible with the standard symmetries:

c C Irc

oco—-17T = 17 =0, >0 o’ — 7.
b )

1

If 0 — 7, then the permutation o o 77+ is nonseparable.



Symmetries and cyclage invariance

The relation is compatible with the standard symmetries:

c C Irc

o—-17 = 1 =0, =0 -1
) )

1

If 0 — 7, then the permutation o o 77+ is nonseparable.

Cyclage invariance. If p=23---n1, then
0O—T = 0O0Q—TOQ.



Acyclicity

THEOREM

The relation — on S, has no directed cycles other than loops:

01 —+0p — "+ —>0yp—>01 — 01="''"=0y.



Acyclicity

THEOREM
The relation — on S, has no directed cycles other than loops:

01 —+0p — "+ —>0yp—>01 — 01="''"=0y.

Sketch of Proof. Induction on n.

e By cyclage, assume o1(n) = 1.
e Summing the shifts m around the cycle forces every shift to

vanish. .. which propagates o;(n) =1 to all .

e Delete the 1 to get a chain in 5,,_1.



Proof for the case / =3

Recall: For every edge o — 3, ch(a) + ch(3) is a permutation of
{m,...,m+ n—1}, where nm = ch(8) — ch(a) > 0.

Let a, b,c > 0 be the shiftsof 0 — 7, 7 — m and m — o. Then
n(a+ b+ c) = (ch(r) — ch(0)) + (ch(m) — ch(7)) + (ch(c) — ch(r)) =0
so a= b = c = 0. Each of the three vectors is a permutation of

{0,1,...,n—1}; in particular each has exactly one zero entry.

By cyclage invariance we may assume o(n) =1, so

ch(o), =0, ch(o);>1 (j<n).



Case / = 3 continued

Since the vector w = ch(o) + ch(7) has a unique zero entry, we
must have ch(7), =0, and so 7(n) = 1.

Applying the same argument to the edge 7 — 7 gives w(n) = 1.
All three permutations have the 1 in position n. Deleting it and
standardizing, yields a cycle

o =17 =51 =0 inS,_1.

By the induction hypothesis 0/ = 7/ = 7/, and reinserting the 1 in

the last position gives 0 = 17 = 7. [



Interlude: where the question came from

Luc needed, inside the affine 0-Hecke algebra H(") (over
C[xfc7 ..., xF]), a complete family of orthogonal idempotents.

rn
His building block attaches to each ¢ the element

by = (—1)HOIH0) o) g o) Ly (1)),

wo = 32,

The charge and cocharge appear as exponent vectors of Laurent
monomials. A single number wouldn't do — vectors are needed



Our combinatorics vs. his algebra

a

The core computation is Oyx" 0w, = Z=0u,, Which gives

as
Yy Yy X %, and a, =0 <= p has a repeated entry.
ch+ch+l=0¢ +—— 92 =1, (idempotency)
ch(w) + ch(o) distinct — Pube A0 (W = 0)

acyclicity of the arrow graph <+— chain products vanish

Acyclicity makes the sum

Lo = Z (_1)2 VoY Y0 finite, and

chains

{Ly} is a complete set of orthogonal idempotents with > L, = 1.
w



Charge classes and the DAG

Total charge partitions S, into n residue classes mod n, each of
size (n — 1)L

Within each residue class, 0 — 7 (o0 # 7) defines a directed
acyclic graph on (n — 1)! vertices.



Charge classes and the DAG

Total charge partitions S, into n residue classes mod n, each of

size (n — 1)L

Within each residue class, 0 — 7 (o0 # 7) defines a directed
acyclic graph on (n — 1)! vertices.

Example: n =4, class ch =0 (mod 4)

(1342)  (3142) (1324}—{3412) (3124

4321



Graph for n =5, ch =0 (mod 5)

14325 45312
\ \‘
14352 “=(23154

™~
41325 \\\21534
14532} {23514
43125}\ 25134
41532 \123541
43152) 52134
43512) \ 52314

21354 52341




Graph for n =6




A new poset P = (S,, <)

Call i a long ascent of w if w(i+1) > w(i)+ 1.

Covering relations: w > w's; at each long ascent i
(1 < i< n-—1), together with the affine cover w > oo w when
w(1) > w(n) + 1, where oo swaps the two end positions.

P = (Sn, <) is ranked with exactly n connected components:
the level sets of total charge mod n. Each has (n—1)! elements
and a unique minimum and maximum.



New structures (n = 4,

the poset P
[=0]

s s

s &



(14532)  [a1352)  (43125)
(a1532)  (2354)  (43152)
(s5132)  (2183¢4) (3154  [(43512]
(25134)  [as312)  (23514)
(s2134)  [2s314) (23541




Why P is the right object

Read one-line notations cyclically: deleting 1,..., k from w leaves
a cyclic word wy on {k +1,...,m}. Then
-2

rk(w) = ch (wi), rk(wp) = 0.
1
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(The rank is not the total charge!)
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Read one-line notations cyclically: deleting 1,..., k from w leaves
a cyclic word wy on {k +1,...,m}. Then
-2

rk(w) = ch (wi), rk(wp) = 0.
1

3
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(The rank is not the total charge!)

Conjecture: The rank strictly increases along every arrow of the
charge—cocharge graph.



Graph for n =6




Charge-cocharge arrows for n =6
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Charge-cocharge arrows for n = 6
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