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West’s Stack-Sorting Map

The stack-sorting map s is a deterministic function that sends permutations to permutations.

Example:

s(32415) =

Try it for yourself: s(314592687) = 134526789.

Observation. If a permutation π is of length n, then sn−1(π) is sorted.

We denote the minimum integer k for which sk(π) is sorted by ⟨π⟩, and a permutation π is
t-stack-sortable if and only if ⟨π⟩ ≤ t.
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The stack-sorting map s is a deterministic function that sends permutations to permutations.
Example:

52314

s(32415) =

Try it for yourself: s(314592687) = 134526789.

Observation. If a permutation π is of length n, then sn−1(π) is sorted.
We denote the minimum integer k for which sk(π) is sorted by ⟨π⟩, and a permutation π is
t-stack-sortable if and only if ⟨π⟩ ≤ t.
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West’s Stack-Sorting Map

The stack-sorting map s is a deterministic function that sends permutations to permutations.
Example:

23145

s(32415) = 23145.

Try it for yourself: s(314592687) = 134526789.

Observation. If a permutation π is of length n, then sn−1(π) is sorted.
We denote the minimum integer k for which sk(π) is sorted by ⟨π⟩, and a permutation π is
t-stack-sortable if and only if ⟨π⟩ ≤ t.
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Some Interesting Questions

Let Wt(n) denote the set of all t-stack-sortable permutations in Sn. What is |Wt(n)|?

t |Wt(n)| Reference

1 Cn = 1
n + 1

(
2n

n

)
Knuth (1968)

2 2
(n + 1)(2n + 1)

(
3n

n

)
Zeilberger (1992)

3 polynomial time Defant (2020)

≥ 4 open

Theorem (West 1990)
A permutation is 1-stack-sortable if and only if it avoids the pattern 231. A permutation is
2-stack-sortable if and only if it avoids 2341 and 3241 patterns that are not part of a greater
35241 pattern.
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Some Interesting Questions

For all n ∈ N, let
Dn := 1

n!
∑

π∈Sn

⟨π⟩.

What is the asymptotic behavior of Dn/n as n → ∞?

Conjecture (West 1990)
The limit of Dn/n exists.

Theorem (Defant 2020)

0.62433 ≈ λ ≤ lim inf
n→∞

Dn

n
≤ lim sup

n→∞

Dn

n
≤ 3

5(7 − 8 ln 2) ≈ 0.87289
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Introducing S ′
n

Let S′
n := {ρ0 | ρ ∈ Sn} and

D′
n := 1

n!
∑

ρ∈Sn

⟨ρ0⟩.

If 0 ∈ π, then let Cπ = (cπ,j)≥1 denote the sequence of right-to-left maxima of π to the left of 0.
For all π ∈ S′

n, we write
s(π) = s

(
bπ,1cπ,1bπ,2cπ,2 . . . bπ,|Cπ|cπ,|Cπ|0

)
= s(bπ,1)s(bπ,2) . . . s(bπ,|Cπ|)0 cπ,|Cπ| . . . cπ,1︸ ︷︷ ︸

increasing tail

.

1 The set of elements added to the tail when s is applied to si−1(π) is precisely Csi−1(π).
2 When every element of [n] is added to the tail, π is sorted.

Proposition (Defant 2020)

lim
n→∞

(
Dn

n
− D′

n

n

)
= 0
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Example: π = 9 3 10 7 8 2 6 1 4 5 0

(9 3) 10 (7) 8 (2) 6 (1 4) 5 0

↓ s

(3) 9 7 (2 1) 4 0 5 6 8 10
↓ s

3 (1) 2 0 4 5 6 7 8 9 10
↓ s

1 0 2 3 4 5 6 7 8 9 10
↓ s

0 1 2 3 4 5 6 7 8 9 10

10

8

6

5
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Note that there are ⟨π⟩ = 4 columns.
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Note that there are ⟨π⟩ = 4 columns.
How do we arrange the rows?
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Towards the Construction of the Stack-Sorting Tableaux

Fix any permutation π ∈ S′
n. For all i ∈ [n], let the column colπ(i) be the pass on which i is

added to the tail. Furthermore, if colπ(i) = 1, then let the row rowπ(i) be the index of i in Cπ,1,
and otherwise, let it be the same as the row of the first entry to the right of i in scolπ(i)−2(π)
that is in column colπ(i) − 1.

9 3 10 7 8 2 6 1 4 5 0
↓ s

3 9 7 2 1 4 0 5 6 8 10
↓ s

3 1 2 0 4 5 6 7 8 9 10
↓ s

1 0 2 3 4 5 6 7 8 9 10
↓ s

0 1 2 3 4 5 6 7 8 9 10
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Stack-Sorting Diagrams and Tableaux

For every permutation π ∈ S′
n, define the composition απ |= n such that the jth part of απ is

the number of entries i satisfying rowπ(i) = j. In our running example, απ = (3, 2, 1, 4).

For every composition α, define the composition diagram

D(α) := {(i, j) ∈ N2 : i ≤ αj}.

We impose a partial order relation ≥D on D(α) such that (x, y) ≥D (z, w) if and only if x ≤ z
and y ≤ w. We refer to D(απ) as the stack-sorting diagram of π.

Now, define the function Tπ : [n] → D(απ) such that

Tπ(i) := (colπ(i), rowπ(i))

for all i ∈ [n]. We refer to Tπ as the stack-sorting tableau of π.
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Stack-Sorting Diagrams and Tableaux

Theorem (Zhang 2026)
For every permutation π ∈ S′

n, the function Tπ is a linear extension of the poset (D(απ), ≥D).

Hasse diagram of D(3, 2, 1, 4)

But how is this useful?
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Hook-Length Formula for Stack-Sorting Tableaux

Theorem (Zhang 2026)
For every linear extension T of a composition α |= n, the number of permutations π ∈ S′

n

satisfying Tπ = T is ∏
(i,j)∈D(α)

hα(i, j).

Notice how the above formula solely depends on α, so the number of permutations π ∈ S′
n

satisfying απ = α is
L(D(α)) ·

∏
(i,j)∈D(α)

hα(i, j)

where L(D(α)) denotes the number of linear extensions of D(α).
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Two Applications

Theorem (Zhang 2026)
Fix t ∈ N. For all n ∈ N, the number of t-stack-sortable permutations in S′

n is computable in
O(n3t+1) time.

Main idea: For every composition α, we can compute the number of permutations π such that
απ = α, and the stack-sorting depth of π is precisely the width of α. The rest follows from
grouping compositions together based on shape statistics and doing clever dynamic
programming.
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Two Applications

Theorem (Zhang 2026)
The limit of Dn/n exists, and (D′

n−1/n)∞
n=2 is a monotonically increasing sequence that

converges to limn→∞ Dn/n.

Main idea: We can reformulate D′
n in the language of stack-sorting tableaux through algebraic

manipulation.

0.73286 ≈ D′
45

46 ≤ lim
n→∞

Dn

n
≤ 3

5(7 − 8 ln 2) ≈ 0.87289.
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Thank you!

Questions?

Jerry Zhang jerrylezhang@gmail.com
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