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® How many copies of 3217
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S, (321)) Sn,r(231)]
r=1 (21 ) (Noonan 1996) - (as) (Bna 1997)
r=9 | 22 +117n+100 (nz_”4) (Fulmek 2001) | - +17n"—80n+80 (2”_6) (Mansour, Vainshtein 2002)
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Theorem (Béna 1997)
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Known Results

So we can do such enumerations for small ». But what can be said of general r?

Theorem (Béna 1997)
Let r > 1. Let S5,(2) = > _,,50 |n,#(231)]. Then

S (z) € C(z,V1 —4z).

For everything else, nothing so general is known about the generating functions.

4-3



Negative Results

What do we do if we try really hard to prove anything about a generating function, but nothing works?



Negative Results

What do we do if we try really hard to prove anything about a generating function, but nothing works?

Cry.

b-2



Negative Results

What do we do if we try really hard to prove anything about a generating function, but nothing works?

Cry-



Negative Results

What do we do if we try really hard to prove anything about a generating function, but nothing works?

Cry-

Maybe we can prove that the generating function is "bad".



Negative Results

What do we do if we try really hard to prove anything about a generating function, but nothing works?

Cry-

Maybe we can prove that the generating function is "bad”. But how?

5-5



Negative Results

What do we do if we try really hard to prove anything about a generating function, but nothing works?

Cry-

Maybe we can prove that the generating function is "bad”. But how?

Theorem
Let f(2) =) ., o fn2" be a generating function. If « is not a non-negative integer (is a negative
integer) and for all positive integers n the chain of inequalities

kna,yn S fn S Kna,yn

holds, then f(z) is not a rational (is not an algebraic) power series.



Negative Results

This means that if we can find bounds

rn®[S(@)] < S ()] < Krn®|Sn(g)

and if we know the asymptotics of |.S,,(q)|, then we can make conclusions about the generating function

for |Sn.»(q)|-
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Proposition

he

rivial Bound

Let » > 0 and let ¢ be any permutation. Then there are constants &, and K, so that

k’r‘sn(Q)‘ < ’Sn,’r(Q)’ < K?“n%’Sn(Q)’-

avoids ¢

/-5

e {2

e {3

, (position g1, value ¢1)
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Define S7 .(321) to be the subset of S, -(321) where the entries participating in 321 patterns form a g
pattern.
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An Upper Bound for 321

Theorem (W. 2026+)
Let » > 0. Then there is a constant K, so that

1S,.(321)] < K,| S, (321)].

Definition

Define S7 .(321) to be the subset of S, -(321) where the entries participating in 321 patterns form a g
pattern.

® So p € S5%*(321).
p = 614235
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Now for each g, we will construct an injection

¢ : 89 ,.(321) < | | Sk—144,5(321) X Sp_jpj,¢(321)

k=1 — T —~—"_ —

for some constants ¢, 7 and for some s,t < r.

Pairs of permutations on n — 1 4+ 7 + 5 total elements,
with s < r and t < r copies of 321.
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An Upper Bound for 321

Now for each g, we will construct an injection

¢ : 89 ,.(321) < | | Sk—144,5(321) X Sp_jpj,¢(321)

k=1 — T —~—"_ —

for some constants ¢, 7 and for some s,t < r.

Pairs of permutations on n — 1 4+ 7 + 5 total elements,
with s < r and t < r copies of 321.

By induction, the right hand side is at most ¢,|.S,,(321)|. So we get
S2,(321)] < ]S, (321)].
Since there are only finitely many possible g, we can sum over all possible ¢ and get

S, (321)] < C,| S, (321)].
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A Generalization

Theorem (W 2026+)
Let ¢ be a permutation, and let » > 1. Then there are constants k,., K, so that for all n sufficiently
large we have

k]S (321 6 )] < [Sn.r (3216 q)| < K,|Sn(321 & ¢)|.
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A Generalization

Theorem (W 2026+)

Let ¢ be a permutation, and let » > 1. Then there are constants k,., K, so that for all n sufficiently
large we have

kr|Sn(321 © q)| < [5,,,(321 © q)| < K,[Sh(321 © q)|.

Corollary (W 2026+ )
Suppose k > 3. There is ¢, and Cy . such that

Ck

(k —1)*" (k —1)>"
@k < (k= 1) D] < Chr a7y

Let S;-(2) =D, >0 |Sn,r(q)|2". Then:
e If k is odd, then S,.(2) is not rational.
e If k is even, then S,.(z) is not algebraic.
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large we have

kr|Sn(321 © q)| < [5,,,(321 © q)| < K,[Sh(321 © q)|.

Corollary (W 2026+ )
Suppose k > 3. There is ¢, and Cy . such that

Ck

(k —1)*" (k —1)>"
@k < (k= 1) D] < Chr a7y

Let S;-(2) =D, >0 |Sn,r(q)|2". Then:
e If k is odd, then S,.(2) is not rational.
e If k is even, then S,.(z) is not algebraic.

Béna and Burstein (2021) proved this result for r = 1.
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Further Results

Theorem (W 2026+)

Let ¢ be a separable indecomposable permutation of length at least 2 which is of the form ¢; © ... © gx
for some k > 2 where all of the g; are skew-indecomposable and ¢o, ..., q._1 are not 1. Then there are
constants £ and K such that for all n sufficiently large we have

kn"[Sn(q)| < [Sn,r(@)] < Kn'[Sh(q)].
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Let ¢ be a separable indecomposable permutation of length at least 2 which is of the form ¢; © ... © gx
for some k > 2 where all of the g; are skew-indecomposable and ¢o, ..., q._1 are not 1. Then there are
constants £ and K such that for all n sufficiently large we have

kn"[Sn(q)| < [Sn,r(@)] < Kn'[Sh(q)].

Corollary (W 2026+)
Suppose > 1. Then there is ¢ and C}, such that

(k —1)n
n((k*—=2k)/2)—r

(k — 1)
n((k*—=2k)/2)—r"

o < [Sn.r(23..k1)| < C4

Let S;-(2) =D, <0 |Sn,r(23...k1)|z". Then:

e If k is odd, then S,.(2) is not rational.

k% -2k

o If £Liseven and r < 5

, then S,.(2) is not algebraic.
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Further Results

Corollary (W 2026+)
Suppose r > 1. Then there is ¢ and C' such that

9" 9"
< |S5,,r(3412)| < C

C

Let S(2) = > 50 15n,#(3412)[2". If r < 4, then S(z) is not algebraic.
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C

Let S(2) = > 50 15n,#(3412)[2". If r < 4, then S(z) is not algebraic.

Corollary (W 2026+)
Suppose r > 1. Then there is ¢ and C' such that

g 8"
o < S (4218) < O

C

Let S(2) = ) _,>05n,r(4213)[2". Then S(z) is not rational.
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Further Directions

Conjecture (Conway and Guttmann 2023)
Let ¢ € {4321,4312} and r > 1. Then there is a constant K so that

1Sn,r(q)] ~ K|[Sn(q)]

Let g € {4123,3412,4231,4213,3142} and » > 1. Then there is a constant K so that

Sn,r(@)] ~ En"[Sn(q)l-
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Further Directions

Conjecture (Conway and Guttmann 2023)
Let ¢ € {4321,4312} and r > 1. Then there is a constant K so that

S, (@)] ~ K[Sn(q)].
Let g € {4123,3412,4231,4213,3142} and r > 1. Then there is a constant K so that

Sn,r(@)] ~ En"[Sn(q)l-

Question
s there a similar result for |.S,, -(3142)| that generalizes well?

Question
What can be said about |S,, (4312)|7

14 - 6



Further Directions

In every case we have observed, either |5, ,(q)| = ©(|Sn(q)|) or |Sn.r(q)| = O(n"|Sn(q)]). But it seems
unlikely that this will always be true.
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Further Directions

In every case we have observed, either |5, ,(q)| = ©(|Sn(q)|) or |Sn.r(q)| = O(n"|Sn(q)]). But it seems
unlikely that this will always be true.

Question
s there a pattern ¢ so that |S,,.-(q)| = ©(n*"|S,(q)|) for any a ¢ {0,1}7
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Thank you for listening!

Questions?



